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CONNECTIVITY COEFFICIENTS IN THE CHARACTERISTIC
DETERMINANTS OF THE SYSTEMS OF EQUATIONS OF
MOTION OF ISOTROPIC THERMOELASTIC MEDIA

S. M. Bosyakov UDC 539.3

Characteristic determinants and characteristic equations have been obtained for the systems of equations of
motion of isotropic thermoelastic media in stresses with allowance for the finite velocity of propagation of
thermal disturbances. The connectivity coefficients of the mechanical and thermal fields under problems of dif-
ferent dimension have been determined.

Introduction. Fundamental theoretical and practical investigations of the regularities of propagation of ther-
moelastic waves in generalized thermomechanics have been carried out by many authors. The best known of them are
[1-5] devoted to the application of the theory of plane waves to the systems of equations of motion of isotropic and
anisotropic media in displacements. However, thermoelastic stress waves possess a humber of advantages over dis-
placement waves, which is confirmed by experiments [6]. In the present work, we have studied the regularities of
propagation of stress waves in a thermoelastic isotropic medium with the use of the classical characteristic method [7].

Characteristic Determinants. The equations of the dynamic theory of temperature stresses in the case of a
homogeneous isotropic body will be obtained from the equations of motion in displacements and the Hooke law (mass
forces are absent) [8]

Az + (A + 1) 0,0t = pl; + BOT, 05 = (Aey — BT) &y + 2ey @

where u = (uy, Up, Ug) is the displacement vector, T is the absolute temperature, j = (0u; + 0ju;)/2 is the strain tensor,
0; =0/0x;, and Ag = d%; the points denote differentiation with respect to time; summation is carried out over the sub-
script k = 1,3; 9 =0, when i#j=1,3, and §j = 1, wheni =j = 1,3.

Equations (1) yield the following system of equations:
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As a result of the subgtitution of (3) into (2) we obtain

O po;; 0 T .0 o ..

To close system (4) we add to it the hyperbolic heat-conduction equation [4]
KAST =, (T+1T) =BT (84 + T80 - (5)

From (5), with the use of (3), we obtain
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or, taking into account that 3 = (3\ +2u)at (o is the coefficient of linear thermal expansion), we obtain

KAGT - (G, + 305To (3A + 20)) (T +TT) = aqTy (g + 6 - @

We specify the initia data to system (4) and (7) on the hypersurface Z(t, X1, X, X3) = 0 and pass to new vari-
ables according to the following scheme [7]:

Z=Z(t, %X, X, Xg) » Z=Z; (t,Xp, X0, Xg) , 1=1,3.

We express the derivatives with respect to the previous variables by the derivatives with respect to the new
variables and substitute them into (4) and (7):
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where py = =, pi = - i =13 ad g =pd
I
The nonllnear differential equation of first order which must be satisfied by the characteristic surface Z(t,

X1, X2, X3) = 0 of system (4) and (7) will have the form

det fl;li j=73 > det [¢pmlnm-12 =0

where

o, :gg—% (the remaining o are equal zero, i,j=13),

Dz 2 Pch)D 2 Dz PP(Z)D 2
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Cpa = 2B @3 " —+ an, = Kg3 Tpo (c,+ 30(TTO (Br+2w), nzm=1,3.

The equality of the determinant det |wjjljj=13 to zero yields the existence of three discontinuity surfaces
propagating with the same velocity V = pg/gs = ViI/p, which is equal to the velocity of propagation of a transverse
elastic wave c,. After simple transformations, the equality of the determinant det |{pmln =14 to zero will be written
as follows:
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TABLE 1. Values of the Thermomechanica Parameters

Thermomechanical quantity - Materials
aluminum copper steel lead
C1, M/sec 6260 4700 5800 2160
Cp, M/sec 3080 2260 2530 700
K, W/(mideg) 207 400 57 35
€3 0.0526 0.0243 0.0153 0.0852
€ 0.0470 0.0219 0.0141 0.0819
€1 0.0356 0.0168 0.0114 0.0733
wy GHz [1] 466 173 175 191
O O
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5 o , 0 20 20 .
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0 0
O 2 2 O
0 —s3n[y , &Ny, &y, 0
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Here a = cy/cp is the ratio of the velocities of propagation of the longitudinal and transverse waves, ¢ =
VA ¥24)/p, np = Ty is the characteristic number of vibrations, W = ¢,c3/K is the characteristic quantity having the
dimension of frequency, v = V/cy is the dimensionless velocity of propagation of the discontinuity surface, nj = cos

| = p./g are the direction cosines of the normal to the characteristic surface, i = 1, 3 and €3 = 3[32T0/(3(:% 4c2)CV
= 30(TT (3N + 2)/C,, is the connectivity coefficient for the three-dimensional interconnected problem of thermoelasticity
(dimensionless quantity dependent on the thermal and mechanical properties of materia), C, = c¢,p.

The values of the connectivity coefficient €5 which have been calculated from the numerical data of [9, 10]
are given for certain structural materials at a temperature of 20°C in Table 1.

Let us consider a plane dynamic problem of generalized interconnected thermoelasticity under plane strain
and take e33 = 0 for the sake of definiteness. In this case, the equations of motion of an isotropic medium in
stresses can be obtained either from (2) and (5) by the substitution of (3) or by the substitution of the expres-
sion 033 = (A (011 +02) —2uBT/2 (A + 1) into (4) and (6). After standard transformations, we obtain a system of
four differential equations for three independent components of the stresses 019, 012 = 0p1, and 033 and the
temperature T:

0 po;0 O pG;; 0
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We gpecify the initial data to system (9) on the hyperplane Z(t, x1, x2) = 0, replace the variables, and substi-
tute the derivatives with respect to the new variables into (9):
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The equation of the characteristic hyperplane Z(t, X1, xo) = 0 of system (9) will be written as the equdity to
zero of the determinant whose components are the coefficients of the partial derivatives of second order in Z in (10).
After simple transformations, we obtain
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where g5 = BZTO/C\, (c%— c%) is the connectivity coefficient for the two-dimensional problem of interconnected ther-
moelasticity. The values of €, for four materials at a temperature of 20°C are given in Table 1.

The system of equations of the interconnected dynamic problem of thermoelasticity allows solutions de-
pendent on time and on one spatia coordinate and independent of the other coordinates. Thus, for example, in [3]
a study is made of the problems of dispersion and damping in the case of one-dimensiona modes of propagation
of plane waves.

We will assume that motion occurs along the axis x; = X. In this case the stress tensor is characterized by one
independent component G117 = (A +2W)eq; — BT, Oxp = 033 = (Aoq1— 2uBT)/(A +2) and its other components are
equal to zero. Then from (4) and (7) we abtain

1122



0 02 04 06 08 10 n, 0 5 10 My

01 T T T V2 T T
0.975} 3 i
0.950 |- P) 1.08
0.925 > 7 1.06 }

i 4

0.900 1.04}
0.875} 1
0.850 |- 1.02f 3 2
0.825

Fig. 1. Veocities v1, as functions of the parameter ng 1) aluminum; 2) cop-
per; 3) sted; 4) lead.
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The equation of the characteristic plane Z(t, xq) = 0 of system (12) will be written as follows (g% = p%):

0 [l
22 2 2
J cgi=pp. ‘|3po/l3, 0
O D —0
ErBT /(A +24), Kl - Env+ DpZS
o 0 1 A+ 2u] OD
Hence
01 -\ 2 [l
D1 vV, V2 0. 0
0 0=0. (13)
E{—slnmv , 1- an (1+£1)D

where g1 = BZTO/ C\,c% is the connectivity coefficient for the interconnected one-dimensional dynamic problems of ther-
moelasticity. We note that €1 is no different from the connectivity coefficient € (adopted in the theory of plane har-
monic thermoelastic displacement waves) for an isotropic thermoelastic body [1] (the values of €1 = € are given in
Table 1). The coefficient € = BZTO/ (c/A1) (A1 = A +2u is the elagticity constant) is universally used in investigations
of the regularities of propagation of thermoelastic waves in both isotropic and anisotropic media irrespective of the di-
mension of the problem. However, as follows from the above computations, the connectivity coefficients in the dy-
namic problems of generalized thermomechanics in stresses are dissimilar; the connectivity coefficient increases with
dimension. We aso note that another characteristic quantity, wg = c%c\/K, has one and the same form irrespective of
the dimension of the system of equations of motion.
Solutions of the Characteristic Equations. Let us expand determinant (11):

(a2 - v2)2 (an2 -V (L+ng+ng, - azn[,sz) +1)=0. (14)

This yields the existence of two thermoelastic wave propagating with velocities V1 = ¢qvq and Vo = cqvp, where the
dimensionless velocities vy , are determined by the following expressions:

Expression (14) also yields the existence of two eastic waves propagating with the same velocities, equa to
the velocity of propagation of the transverse wave co.

The velocity Vq is the velocity of propagation of a modified thermal wave accompanied by the thermal field,
while the velocity Vo is that of a modified thermal wave accompanied by the strain field. To elucidate the manner in
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Fig. 2. Dependence of V1/Vt (curves 1) and Vo/Vt (curves 2) on the parame-
ter ng A, duminum; B, lead.

Fig. 3. Velocity v; as a function of the parameter np for the same connectivity
coefficient €1: 1) two-dimensiona problem; 2) one-dimensiona problem.

which the interaction of the process of elastic strain and the process of heat conduction affects the behavior of ther-
moelastic waves we consider the velocities of propagation of thermoelastic waves vy, as functions of the parameter
ng (Fig. 1).

It follows from Fig. 1 that, when T - 0O, the velocity v; of the modified dastic wave tends to the velocity of
propagation of the longitudinal eastic wave ¢;. As the relaxation time of the heat flux increases, the velocity v; de-
creases as compared to cq, i.e., the influence of the finite velocity of propagation of thermal disturbances leads to a
decrease in the velocity of propagation of the longitudinal elastic wave. For low values of the parameter ng the veloc-
ity of the modified thermal wave v, is much higher than the velocity ¢; of the eastic wave;, as n increases, the ve-
locity v, tends to a constant value insignificantly higher (<5%) than the velocity c;.

Let us compare the velocities of propagation of thermoelastic waves vy 5 = V12/¢; and the velocity of propa-
gation of thermal disturbances V1 = VK/cyjt = c;vVnp. The dependences Vj o/ Vr for some materials from Table 1 are
plotted in Fig. 2.

It follows from the behavior of the functions V4 5/ V7 that the function of the velocity of propagation of ther-
mal disturbances is an asymptote to the functions of the velocities of propagation of thermoelastic waves V; and Vo.
Thus, whereas the velocity of the modified elastic wave tends to V with increase in np the velocity of propagation
of the modified thermal wave is approximately equal to Vt for low values of the parameter np and it increases (as
compared to the veocity of therma distances) with np

In the case of the one-dimensional model of a generalized interconnected thermal-elasticity problem from (13)
we obtain

vi,= V(@ +Un+e, TVLN+2(g - D) +n(1+e)2)/2 . (16)

for dimensionless velocities of propagation of thermoelastic waves. Expression (16) yields the existence of two ther-
moelastic waves; v1 is the velocity of propagation of a modified elastic wave and v» is the velocity of propagation of
a modified thermal wave. The dependences of v1, on the parameter ng which have been plotted using (16) and the
numerica data of Table 1 exactly coincide with the analogous dependences (Fig. 1 and 2) in the case of the two-di-
mensional problem. However if we take the coefficient €1 = € instead of the connectivity coefficient € in the two-di-
mensional problem, such a coincidence of the results is not observed. Figure 3 gives the dependences of the
dimensionless velocity vi(n) for aluminum when the connectivity coefficients in both formulas (16) and expressions
(15) are equa to &;.

The velocities of propagation of the modified elastic wave in the one-dimensional and two-dimensional inter-
connected problems of generalized thermoelasticity markedly differ in the case of one and the same connectivity coef-
ficient ¢, when ngo< 1. The analogous behavior of the functions is observed for the dimensionless velocities of
propagation of modified therma waves vo, which are determined by formulas (15) and (16) with a connectivity coef-
ficient €.
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From the characteristic determinants (8), (11), and (13), it is quite easy to obtain bicharacteristics for the cor-
responding systems of equations of motion and to show that the velocity of propagation of the discontinuity surface V
= vCy is the ray (radia) velocity of propagation of thermoelastic waves. We add that this equality does not occur in
anisotropic media and the ray velocity is higher than the velocity of propagation of the discontinuity-surface front.

CONCLUSIONS

The employment of one and the same connectivity coefficient in dynamic problems of dissimilar dimensions
in spatial coordinates leads to a distortion of the results of investigation of wave motion in both isotropic and anisot-
ropic media. This is particularly important in generalized thermodynamics, since the relaxation time of the heat flux
for metals is an extremely small quantity (its vaue is of the order of 10 sec) and has not been determined with a
sufficient degree of accuracy.

NOTATION

A and p, Lame constants; ¢; and ¢y, velocities of propagation of longitudinal and transverse waves; p, density;
B, thermomechanical constant; K, therma conductivity; c,, specific heat at constant strain; T, relaxation time of the
heat flux; Tg, initia temperature.
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